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Let M be a compact Riemannian manifold. It has been known for a long time 
that the singularities of the wave trace, trace(cos $t), are located at the periods 
of the closed geodesics. Do these singularities also contain information about 
the geometry of M in the neighborhood of a closed geodesic? We prove that the 
Birkhoff canonical form of the Poincare map can be determined from the 
singularities of the wave trace. 0 1991 Academic Press, Inc 
1. INTRODUCTION 
Let A4 be a manifold of dimension 2n + 1, a a contact form on M, and 
B the corresponding contact vector field. (We recall that E is defined by the 
identity, l(Z) a = 1 and t(E) da = 0.) Let 
exp tE, -cJ<tt<, (1.1) 
be the one-parameter group of contact transformations generated by Z. 
Given a periodic trajectory, y, of (1.1) we will denote by T, its period and 
by P, the linearized Poincare map about y. Let ZI be the set of all periodic 
trajectories of the system (1.1) and let T and P be the maps 
and 
T:I7+R (1.2) 
P: 17 -+ conjugacy classes of Sp(n, R) (1.3) 
defined by y + T, and y + P,. This paper is concerned with the question: 
What sort of information about the system (1.1) can be extracted from the 
data (1.2)-(1.3)? For instance do such data enable one to decide whether 
two systems of type (1.1) are conjugate or not? 
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Before we take up these questions we should point out that for (1.2) and 
(1.3) to be regarded as dynamical invariants of the system (1.1) one needs 
an intrinsic description of Z7 not depending on Z. Sometimes, this is 
possible. For instance, if X is a negatively curved Riemannian manifold and 
M is its unit cosphere bundle, there is a unique closed geodesic in each free 
homotopy class of loops on X, and hence T and P can be thought of as 
functions on the set of free homotopy classes of loops. In general, however, 
only the list of numbers 
and the list of matrices 
{T,, ~4 (1.4) 
RI9 Y EnI (1.5) 
are, strictly speaking, dynamical invariants of (1.1). (In other words, T, and 
P, are invariants of (1.1) but the affixing of the label, y, to them is not.) 
The fact that (1.4) and (1.5) are, as a computer scientist would say, “unfor- 
matted data” makes these invariants much less useful than (1.2)-(1.3). (For 
a discussion of this formatting problem see [KB].) However, in deforma- 
tion problems, which is what we are mainly concerned with below, one can 
get around the labelling issue as follows: Assume, henceforth, that none of 
the matrices, P,, in the collection (1.5) have roots of unity in their spec- 
trum. (In other words assume that all the periodic trajectories, yin, are 
non-degenerate.) Let a,, --E <s <E, be a family of contact forms on M 
deforming a but not deforming the data (1.4) and (1.5). We claim that if M 
is compact there is a canonical bijective map 
for all s E (-E, E): Let y be in l7. Since the spectrum of P, does not contain 
roots of unity the inverse function theorem guarantees that for some subin- 
terval, ( - 6, 6) of ( -E, E), there exists a unique family, ys E 17,, s E ( - 6,6), 
which depends smoothly on s, with yO = y. Moreover, since the deformation 
leaves the data (1.4) and (1.5) fixed, 
TY = T,s and P, = P,*. 
Thus, for all points s E ( -6,6), ys is non-degenerate and has the same 
period, Ty , as y. Let ps E y,. By passing to a subsequence if necessary, we 
can assume that, as s --) 6, ps converges to a limit point, p. This limit point 
is clearly contained in a periodic trajectory, ys E 27,, of period T,. 
Moreover this periodic trajectory is non-degenerate since none of the 
matrices in the collection (1.5) have roots of unity as eigenvalues. By 
applying the inverse function theorem to ya we see that the maximal 
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interval for which y, is defined is both open and closed in ( -8, E) and 
hence has to be all of (-F, E). Thus for all s E ( -E, F) there are maps 
mapping y to ys. An argument similar to that sketched above shows that 
these maps are bijective and hence provide a de facto labelling of Z7, by ZZ. 
We now state a conjecture concerning (1.4) and (1.5) (to which we 
unfortunately know the answer in only a few isolated cases). 
Conjecture. Every deformation of the system (1.1) which leaves the 
data (1.4b(1.5) fixed is trivial: that is, there exist, for s E (-E, E), 
diffeomorphisms, Y,: M + M depending smoothly on s such that Y, is 
the identity and Yu,* c(, = ~1. 
This conjecture is true if M is compact and the system (1.1) is Anosov 
(see [LMM]). However, for systems which are not Anosov, in particular, 
for systems of KAM type, there is not much evidence for this conjecture 
pro or con. The main result of this paper is a very weak version of this 
conjecture for KAM systems: Let y E I7 be an elliptic periodic trajectory of 
the system (l.l), i.e., suppose the eigenvalues of Pj, are all of modulus one. 
To be explicit suppose these eigenvalues are 
{ek2niM’k, k= 1, . . . . n}. 
Suppose in addition that y is non-degenerate in the sense that the numbers, 
(1, WI > ‘.‘> w, >, are linearly independent over the rationals. Finally, suppose 
that y satisfies an appropriate Birkhoff twist condition (of which, more 
below). In Section 7 we prove the following: 
THEOREM. Given the hypotheses above, there exists a neighborhood, U, of 
y and diffeomorphisms, ul,: (U, y) + (44, y,) the !PS’s depending smoothly on 
s (with ‘PO the identity) such that Y:cl, is equal to CI plus a term which 
vanishes to infinite order on y. 
We give a brief sketch of how this theorem is proved: Suppose the flow 
(1.1) admits a global cross section, X (which will be true in our case with 
M replaced by a sufficiently small tubular neighborhood, U, of y). Then X 
will be a 2n-dimensional symplectic manifold, and the Poincare map, 
f‘: X + X, associated with ( 1.1) will be a symplectic mapping of X into itself. 
Consider now, in place of the system (1.1 ), the discrete dynamical system 
{fn:X+X, --Won<<} (1.6) 
We show in Section 2 that for a discrete dynamical system of type (1.6) one 
can, modulo some assumptions on X, define a period spectrum similar to 
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(1.4). This is the key ingredient in our proof and will play a key role in all 
that follows. In Section 3 we show, by means of a mapping cylinder con- 
struction, that there is a one-one correspondence between contact systems 
for which the one-parameter group, (l.l), admits a global cross section and 
discrete dynamical systems of type (1.6). This reduces the conjugacy 
problem for (1.1) to the (simpler) conjugacy problem for (1.6). What is 
even more important: it gives us two equivalent definitions of “period spec- 
trum” for a discrete-time dynamical system; for we show that, under the 
correspondence that we have just described, the definition in Section 2 
becomes the usual definition, (1.4). (A parenthetical remark: The mapping 
cylinder construction in Section 3 has been used in many contexts before, 
but our version of it for contact systems appears to be new.) 
We mentioned above that in order to define the period spectrum of a dis- 
crete dynamical system we had to make some assumptions about X. These 
assumptions are that X be simply connected and that the symplectic form 
on X be exact. For the applications we have in mind these assumptions are 
too restrictive; so we show in Section 4 how one can, to a certain extent, 
get rid of them. 
In Sections 2 and 3 we give two equivalent, but very different, definitions 
of period spectrum for a discrete dynamical system. If the system (1.6) is 
integrable there turns out to be a third equivalent definition which, in the 
two-dimensional case, is due to Colin de Verdi&e [C]. We describe this in 
Section 5. The main result of the paper is contained in Sections 6 and 7. It 
says, roughly speaking, that if the system (1.6) is “nearly integrable” the 
recipe for period spectrum described in Section 5 is “nearly correct.” This 
result has two consequences. One is an asymptotic formula for the period 
spectrum of a “nearly integrable” system and the other is a procedure for 
reconstructing the Birkhoff canonical form of the system from its period 
spectrum. (We explain what we mean by “Birkhoff canonical form” in Sec- 
tion 6; but, for the moment the following provisional definition will do: For 
a system which is “nearly integrable” it is the integrable system to which 
we are comparing it.) Incidentally the material in Section 7 is, like the 
material in Section 5, largely motivated by the results obstrained by Colin 
de Verdi&e for two-dimensional systems in CC]. (We are also indebted to 
him for suggestions about how to extend his results to higher dimensions.) 
We conclude with a few words about the material in the Appendix. This 
paper is partly based on lectures given by one of the authors to an 
audience of non-experts at the annual meeting of the AMS three years ago. 
In the spirit of those lectures we have tried to make this paper as non- 
technical as possible. However, we were required to make some rather 
delicate estimates on the iterates of the mapping (1.6) in order to show 
that, even after many iterations, its period spectrum and the period spec- 
trum of the corresponding integrable system are not too far apart. The 
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underlying ideas involved in these estimates are quite easy to comprehend 
but the technical details are messy. In order not to mar the readability of 
the paper we settled upon the (perhaps not ideal) expedient of relegating 
these estimates to the Appendix. As a consequence some of the details of 
the proof of Theorem 7.4 are duplicated in a slightly more technical form 
in the Appendix. 
Acknowledgments. We have already mentioned our debt to Yves Colin 
de Verdi&e, both for the inspiration of his paper [Cl, from which we have 
taken several of the main ideas in Sections 5-7, and for his suggestions 
about how to extend these ideas to higher dimensions. Another person to 
whom we owe a debt of gratitude is Alan Weinstein. Several years ago he 
posed to us a facinating question about the spectral properties of Rieman- 
nian manifolds which, after many devious twists and turns, becomes the 
formal conjugacy question that we discussed above: Let X be a compact 
n-dimensional Riemannian manifold, let M be the unit cosphere bundle of 
X, let I be the canonical imbedding of M into T*X, and let c( = r*(C 5, dx,). 
Weinstein’s question has to do with the relationship between the one- 
parameter group of contact transformations, ( 1.1), associated with this 
contact structure and the corresponding “quantum object,” the one- 
parameter group of unitary operators 
expJ--lt& (1.7) 
on L’(M). Let S be the set of periodic trajectories of the system (1.1) and 
for each y E S let T, be the period of y and P, the linear Poincare map 
associated with y, as in (1.2) and (1.3). The generalized Selberg trace 
formula ([DG, Sect. 4-J; see also [C,], [Ch]) says that 
Re(trace(exp fit ,/;i)) = c e,(t), 5’ E s, (1.8) 
where e,(t) is a generalized function of t which is supported in a small 
neighborhood about T, and is smooth except at t = T,. Moreover, if I- P, 
is invertible, the leading singularity of e?(t) at t = Ty is an (uninteresting) 
constant times 
I det(Z- Py)( -“’ 6(t - TJ. (1.9) 
Thus T, and the absolute value of det(Z- Py) are spectral invariants 
of x. 
If none of the eigenvalues of P, are roots of unity the quantities 
I det(Z- PF)I, N= + 1, +2, . . . . (1.10) 
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are also spectral invariants of X (since the same reasoning applies to the 
iterates of y); and, by a theorem of Stark, this sequence of numbers deter- 
mines P, up to symplectic conjugacy (see [DG, Appendix]). Weinstein’s 
question is: Is there an analogous result for the Poincart map itself? It is 
known that if one subtracts (1.5) from e,(t), the dominant term in the 
remainder is a multiple of Log 1 t - T, I; and if one subtracts this term, the 
dominant term is a constant multiple of ( t - TY 1. In general after stripping 
away k terms from e,(t), one obtains a distribution whose dominant term 
is a constant, ck times 1 t - T, Ik. Weinstein’s conjecture is that these ck’s 
(and the ck)s associated with the iterates of y) have encoded into them the 
Birkhoff canonical form of the Poincare map associated with y. 
Unfortunately it has turned out to be very hard to compute even a few 
of the ck’s except in some special cases (see [ERT], CD]). However, it may 
be possible to get at the Birkhoff canonical form by a more circuitous route 
(if y is elliptic): It is suspected that isospectral sets of metrics are not too 
pathological: that they are stratified sets with locally arc-wise connected 
components. Were this the case, the theorem above would say that the 
Birkhoff canonical forms associated with elliptic geodesics are constant 
along connected components of strata; and, therefore, the compactness 
results of COPS] would imply that for any y E l7, the list of possibilities for 
the Birkhoff canonical form is finite in number. 
2. PERIOD SPECTRUM 
Let W be a 2n-dimensional symplectic manifold with symplectic form, w, 
and let f: W -+ W be a symplectomorphism. Then f and its iterates 
.fN, N= +1 +2, . ..) - 3 - (2.1) 
constitute a discrete-time dynamical system. In this section we describe 
some rather curious-looking numerical invariants associated with the peri- 
odic trajectories of this system. These invariants were defined in [GM], 
and, for billiard systems, studied in considerable detail in [MM] and 
[C,]. Most of the material in this section is taken from [GM]. 
For the moment we will assume that o is exact and W simply connected. 
(Both these assumptions can be considerably weakened, and we say a few 
words about how to do so in Section 4.) 
Since o is exact, there exists a one-form, CI, such that dcr = w. Moreover, 
since f *o = o, f *c1 - M is closed and hence, because W is simply connected, 
is exact: i.e., there exists a function, d,, such that 
f*a-u=d&. (2.2) 
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This function is, unfortunately, determined only up to an additive constant, 
but there are often natural ways of fixing this constant. For instance, if p. 
is a pre-assigned “origin” in W, we can fix this constant by requiring that 
d,(p,,) = 0; or if W is of finite volume, another way to fix this constant is 
by requiring that l da@” = 0. Let us see to what extent 0, depends on a. If 
/1 is another one-form with the property that d/I = w, then /I-a is closed; 
so again, because of the simple-connectivity of W, there exists a smooth 
function, ba,B, such that /I - a = CZ&$~,~, and hence, by (2.2) 
ds - 41 =f*d%p - Q,,,P 
Now let 
po = P, . . . . PI1 = P =fb, I ) 
be a periodic trajectory off: By (2.3) 
(2.3) 
(2.4) 
i.e., the sum, (2.5), depends only on the trajectory, (2.4), not on the choice 
of a. 
DEFINITION. We will call (2.5) the “period’ of the periodic trajectory, 
(2.4).’ The map which assigns to every periodic trajectory its “period” we 
will call the labelled period spectrum of (2.1) and the image of this map the 
(unlabelled) period spectrum. 
Now as in Section 1 let A4 be a (2n + 1)-dimensional contact manifold, 
with contact form, a, and contact vector field, E; and let y be a periodic 
trajectory of the dynamical system (1.1). Let X be a 2n-dimensional sub- 
manifold of A4 which intersects y transversally at p. and let W be a small 
neighborhood of p. in X. If W is small enough, for every p E W the trajec- 
tory of (1.1) with initial point, p, will intersect X again approximately at 
time T,. Let us denote by d(p) the exact time that this trajectory intersects 
X and by f(p) the point of intersection. 
DEFINITION. The map 
f: (W~PO)--,(~~PO) (2.6) 
which sends p to f(p) is the PoincarP map associated with y and the 
function 
$4: w--+L%, P + 4(P) (2.7) 
is the return time function. 
’ We use the notation “period” for (2.4) (cumbersome as this notation is) to distinguish 
(2.5) from what is usually called the period of the trajectory (2.4), viz., the integer n. 
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Let z: X+ M be the inclusion mapping and let c(, = r*tl. We will prove 
below the “Poincare-Cartan” identity 
f *al = a, + dd. (2.8) 
This identity has a number of implications: To begin with, since da, is 
symplectic in a small neighborhood of p0 it says that the mapping (2.6) is 
symplectic. Moreover, if the point p and its iterates 
Pl =P> P2 =f(p, 1, ..-3 PN+ 1 =f(PN) (2.9) 
are all in W and pN+I =p, then the trajectory of (1.1) through p is 
periodic, and its “period” is equal to 
since qS(pi) is the interval of time between the ith and (i+ 1)st encounters 
of this trajectory with W. On the other hand if we set 4, = 4 in (2.2) we see 
that (2.10) is also the period of the periodic trajectory (2.9) of the system 
(2.1). Therefore, to summarize we have proved: 
PROPOSITION 2.1. Let f be the Poincark map (2.6) and let (2.1) be the 
discrete-time dynamical system generated by J: Then the period spectrum of 
(2.1) is contained in the period spectrum of (1.1). 
Proof of the Identity (2.8). Let f,: W-r A4 be the map 
f,(p)= (exp(t&p)) W(P), (2.11) 
and let p be a k-form on M. Then 
f,*p-fo*p==%+2&, (2.12) 
where 
(See, for example, [DeR].) However, by (2.11) 
ft(P) = 4(P) wff(P))~ 
so, in particular, setting ,u = a and making use of the identities 
(2.13) 
and 
l[S]a=l 
I(E) da = 0, 
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we obtain from (2.12) and (2.13) the identity 
fi*a-fo*a=df$, 
which, in view of the fact that fO = I and fr = z OJ is just the identity (2.8). 
Q.E.D. 
3. THE MAPPING CYLINDER OF A SYMPLECTIC MAPPING 
In this section we give, as an application of Proposition 2.1, an alter- 
native definition of the period spectrum of a discrete-time dynamical 
system. First of all, however, to motivate our definition we will go over a 
standard construction in the theory of differentiable dynamical systems: the 
mapping-cylinder construction. For the moment we will forget about the 
fact that the mappings, (2.1), are symplectomorphisms; and consider them 
to be simply diffeomorphisms. Let 
fQ:WxR+WxR 
be the diffeomorphism, 
fb(PT a) = (f(P), a + 11, 
and let r be the group of diffeomorphisms of W x [w generated by fh. r acts 
in a properly discontinuous fashion on W x 58, so the quotient space 
WfEf (Wx R)/f (3.1) 
is a differentiable manifold, and the point-coset correspondence 
n: WxR+ w, (3.2~ 
is a smooth covering map. 
Definition. We will call W, the mapping cylinder of the diffeomorphism, J 
The one-parameter group of diffeomorphisms 
I),: WxR-+ WXR, (w, a) + (w, a + t), (3.3) 
commutes with fq; so there exists a one-parameter group of diffeo- 
morphisms 
4,: y,+ Wf? --cO<t<cO (3.4) 
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such that 
In addition the mapping 
1: w+ w,, w + 7c( w, 0) (3.6) 
imbeds W into Wf as a codimension one submanifold of IV/; and for every 
point, p E W, the trajectory of (3.4) through p hits W again at time t = 1 in 
the point, f(p). Thus, the discrete-time dynamical system (2.1) can be 
thought of as a series of “cross-sectional slices” of the dynamical system, 
(3.4), at time intervals t = 1, 2, . . . . (For more on this mapping cylinder 
construction, see [Sm].) 
Suppose now that the system (2.1) has the property that it preserves a 
symplectic structure. We would like to be able to conclude that the system 
(3.4) has a similar kind of property. We will show that this is, in fact, the 
case provided that we make some trivial modifications in our definition of 
W,. Here are the details: 
As in Section 2 we will assume that W is simply connected and is 
equipped with a symplectic form, o, which is exact. Let u be a one-form on 
W whose exterior derivative is o and let tiU be the function, (2.2). To sim- 
plify matters we will assume that 4, is bounded and that the symplectic 
volume of W is finite, in which case we can normalize 4, by requiring that 
be equal to a prescribed constant. By choosing this constant large enough 
we can insure that 
c-‘dq5,<c (3.7) 
for some constant C> 1. 
Now let?*: Wx BB + W x !I! be the diffeomorphism 
XT,(PY a) = u-(P), a + d,(P)) (3.8) 
and let r, be the group of diffeomorphisms of Wx R generated by T=. 
Because of the property (3.7) this group acts in a properly discontinuous 
fashion on W x R, so the orbit space 
w,, = wx R/r,, 
is, as before, a differentiable manifold and the point-orbit mapping 
7r: WxR-+ w,, (3.9) 
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is a C” covering map. The one-parameter group of diffeomorphisms, (3.3) 
still commutes with y2 ; so there exists as before a one-parameter group of 
diffeomorphisms 
(4a)r: w,a -+ w,, (3.10) 
such that rt o tjI = ($,), o rc. We leave (as an easy exercise) the following: 
PROPOSITION 3.1. There is a d$feomorphism qf W,,, onto W, which 
carries orbits of (3.10) onto orbits of (3.4). 
So far we have not exploited the fact that fis a symplectomorphism. This 
fact, however, will now be used to prove the following result: 
PROPOSITION 3.2. W/.a possesses a canonical contact form (which we will 
denote by a#), and the contact vector field, Z-,, associated with a# is the 
infinitesimal generator of the one-parameter group (3.10). 
Proof. Consider the contact form 
-Wl)*~+W2)*dt (3.11) 
on W x R. The mapping (3.8) and its iterates preserve this contact form; so 
there exists a contact form, a#, on WA, such that R*c(# is the form (3.11). 
Let us denote by d/at the infinitesimal generator of the one-parameter 
group (3.3). The interior product of a/at with the form (3.11) is one, and 
its interior product with the exterior derivative of the form (3.11) is zero; 
so a/at is (by definition) the contact vector field associated with the contact 
form (3.11); and the group (3.3) is the corresponding one-parameter 
group of contact transformations. Since rco$, = (q5a)toq (#,), is the 
one-parameter group of contact transformations associated with the 
corresponding contact structure on W,, . Q.E.D. 
We will next show that our construction does not really depend on the 
choice of 8. Let B be another one-form on W such that db = w. We will 
prove: 
PROPOSITION 3.3. There exists a canonical isomorphism of contact 
manifolds 
(3.12) 
Proof: Let q5a,s be as in (2.3) and let g,, be the mapping of W x IR onto 
Wx [w sending (p, a) onto (p, a+dol,a(p)). Then 
s&t-pr:B+(pr,)* dt)=(pr,)* (-B+d&,p)+(pr~)*dt 
= - (prl)* CI + (pr2)* dt. 
580/100/Z-7 
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Moreover, 
and 
&%,~(P> 2) = (f(P), t + c&?(P) +&s(P)) 
&,p.7ia(P? 1) = (f(P), t + &s(f(P)) + 4,(P)). 
However, by (2.3) 
Thus g,p induces a mapping of W,, onto W,, which carries the contact 
form on W,, onto the contact form on W,,. Q.E.D. 
This result justifies the following: 
DEFINITION-THEOREM 3.4. There exists a unique universal object, Wr, 
called the mapping cylinder off, with the following properties: 
(a) Wr is a (2n + 1 )-dimensional contact manifold. 
(b) For every choice of a one-form, a, on W with the property da = w 
there exists an isomorphism of contact manifolds 
Yea: w,2 w,,. (3.13) 
(c) If b is another such one-form, the diagram 
commutes. 
In the classical construction of the mapping cylinder which we outlined 
at the beginning of this section, the discrete-time dynamical system (2.1) 
can be thought of as a series of “cross-sectional slices” of the dynamical 
system (3.4) at time intervals t = 1, 2, . . . . Here the situation is a little bit 
more complicated: 
Let E be the contact vector field associated with the canonical contact 
form on W, and let 
exp tZ, --cO<t<oO (3.14) 
be the one-parameter group of contact transformations that it generates. 
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For every choice of a one-form, a, whose exterior derivative is w we obtain 
an imbedding 
1: w-r w,, l(P) = Y, YNP? 0)); (3.15) 
however, it is no longer true that for all PE W the trajectory of (3.14) 
through p returns to W precisely at t = 1. What we can say, however, in 
view of (3.7) is that this trajectory does not return to W before time 
f = C-’ and that it does return to W at some time between t = C-’ and 
t = C. Furthermore, when it returns for the first time the point where it 
intersects W is f(p). In other words 
PROPOSITION 3.5. The mapping f: W + W is the (global) PoincarP map 
associated with (3.14). 
From this result and Proposition 2.1 we deduce the main result of this 
section: 
THEOREM 3.6. The period spectrum of the system (2.1) is identical with 
the period spectrum of (3.14). 
This theorem can be taken as an alternative definition of the period 
spectrum of a discrete-time dynamical system. 
We will conclude this section by proving a result which we will need in 
Section 7. Let M be a contact manifold with contact form, Ed, and contact 
vector field, .S”, and let 
exp GM, -CO<cO (3.16) 
be the one-parameter group of contact transformations generated by SM. 
Let W be a codimension one submanifold of A4 and C a constant greater 
than one such that the following are true: 
(a) Every point in A4 lies on a trajectory of (3.16) whose initial 
point is on W. 
(b) For every point, p E W, the trajectory of (3.16) with initial 
point at p intersects W transversally at time t = 0. (3.17) 
(c) The trajectory in (b) does not intersect W between times 
t=O and t=C-‘. 
(d) The trajectory in (b) does intersect W at some time 
between t=C-’ and t=C. 
To say that a W with these properties exists is equivalent to saying that 
there is a global Poincart map 
f:W-+W (3.18) 
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defined by the flow, (3.16). Suppose now that there exists a W with these 
properties. 
THEOREM 3.7. 
maps -aM 
There is a natural dzj-feomorphism of M onto Wr which 
onto the canonical contact form on Wr 
(In other words if there exists a submanifold of M for which a global 
PoincarC map exists, one can “reconstruct” A4 from this Poincari: map in 
a canonical way.) 
Proof: For every point PE W let 4(p) be the time required for the 
trajectory of (3.16) through p to return to W, and let a be the restriction 
of aM to W. Then by (2.7) 
f*a=a+d4 (3.19) 
and, by (3.17), properties (c) and (d), 
c-‘<$d<C. (3.20) 
Now let 
h: WxR+M (3.21) 
be the mapping which maps (p, t) onto exp( -E”“)(p). This map maps the 
points (p, a) and (f(p), 4(p) + a) onto the same point of M, so it satisfies 
and hence gives rise to a well-defined map, 
h,: W,,+M. (3.22) 
It is easy to check that h, is bijective (in fact, is a dzyfeomorphism of W,, 
onto M). 
Coming back to h: by construction, h intertwines the one-parameter 
group (3.2) and the one-parameter group exp( - GM); therefore the 
infinitesimal generator of the one-parameter group (3.2), which we have 
been denoting a/at, is mapped by h onto -EM. Thus, in particular, 
a 
'at 0 h*a,= -1 
and 
a 
';i; 0 h*da, = 0. 
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Let 
ah = -pa,,,, - (pr*)* dt. (3.23) 
Then we can rewrite these equations in the form 
These equations say that the one-form, ub, is basic with respect to the 
libration 
pr,: WxR-+ W; 
that is, there exists a one-form, c(,, on W such that 
ati = (pr,)* a,. 
However, denoting by zO the inclusion of W into W x R sending p to (p, 0), 
we have, by definition, 
a, =lo*(pr,)* a1 =$a4 = -lo*h*a,= -l*aM 
= -a. 
Thus, by (3.23). 
-h*a,= -(pr,)* a+ (pr2)* dt. 
The form on the right is just the pull-back to Wx IF! of the canonical 
contact form on Wf,,; so the map (3.22) maps this canonical contact form 
onto -a,,,,, as claimed. 
4. OTHER DEFINITIONS OF PERIOD SPECTRUM 
In our definition of the period spectrum of the discrete-time dynamical 
system (2.1) we made two assumptions about W: simple-connectivity and 
exactness of the symplectic form. Unfortunately, in many cases of interest 
(including the example that we discuss in the next section) the first assump- 
tion does not hold, and there are also cases of interest for which the second 
does not either. (For instance, if W is compact, w cannot be exact since 
[o”](W) is the symplectic volume of W.) In this section we show how 
both these assumptions can be weakened if one is willing to make some 
additional assumptions about f: 
For the moment we will continue to assume that the symplectic form is 
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exact; however, instead of assuming that W is simply connected, we will 
assume that f is homotopic to the identity. If this is the case we can still 
find a function, #,, for which (2.2) holds, and hence, for every periodic 
trajectory 
Y = IPlY YPNI 
we can still define its “period” to be the sum 
(4.1) 
(4.2) 
We will see shortly, however, that this expression is no longer independent 
of a. To see to what extent it depends on a, we will need some results about 
“winding numbers”: Let c be an element of H’( W, W) and let ,u be a closed 
one-form representing c. Since f is homotopic to the identity, there exists 
a smooth function, dP, such that 
S*P-P=&,. (4.3) 
(This function is determined only up to an additive constant; however, we 
will assume, as in Section 2, that some scheme exists for specifying this 
constant.) Now consider the sum 
c h(Pi) (4.4) 
over the points of the trajectory (4.1). We claim that (4.4) depends only on 
c, not on pu. In fact if one chooses another one-form, v, in the same 
cohomology class, there exists a function, Qc,y, such that 
v -P = d&v 
and hence 
so the two sums 
are equal. 
DEFINITION 4.1. Let y be the periodic trajectory, (4.1), of the system 
(2.1). We will define the sum (4.4) to be the winding number of y with 
respect to c and denote it by W(y, c). 
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Remark. One can also define W(y, c) in a more geometric way: Let 
n:w,+w 
be the universal covering space of W. Since f is homotopic to the identity 
it lifts to a diffeomorphism, fi: W, -+ W,. Moreover, since WI is simply 
connected, rc*p is exact; so there exists a C” function, tiU, on W, such that 
rr*/~ = dt+b,. Thus 
n*d&, = n*(f*p - p) =f,*n*p - n*p 
=d(f?rcI,-+,); 
hence, for some constant, k, 
n*&=fi*ICIp-II/,+k. (4.5) 
Now let q1 be a point in W, above p, and let q2, q3, . . . . be its iterates with 
respect to f, Then 
Yl = (41 9 ..-> GIN, -7> (4.6) 
is a trajectory of the dynamical system, {f;“, N = + 1, . ...} and n maps it 
onto the periodic trajectory, (4.1); however, (4.6) is no longer necessarily 
periodic, i.e., its end-points, q1 and q,,,, are not necessarily equal. We claim: 
W(~,c)=~,(q,)-~,(q,)+(N+l)k. (4.7) 
Prooj Sum both sides of (4.5) over ql, . . . . q,,- 1. The left-hand sum is, 
by definition, W(y, c), and, on the right, all terms cancel except the first 
and last terms, and one is left with (4.7). Q.E.D. 
NOW as in Section 2 let a and p be one-forms whose exterior derivatives 
are both equal to o. Then fl- u is closed, so it determines a cohomology 
class, c, in H’( W, R). We will prove that for every periodic trajectory, 
Y= (P,r--.rPN)r of (2.1): 
Proof Let 
P(Y, B) = P(Y, u) + WY, c). (4.8) 
f*8-P=d& and f*u-a=dqS, (4.9) 
and let p be a one-form representing the cohomology class, c. Then there 
exists a function, d,,s, such that 
B-~=~++A,,~. (4.10) 
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Let dP be a function satisfying (4.3). Then from (4.3), (4.9), and (4.10) one 
obtains 
4p = 4, + 4, +f *G&J - A,p, (4.11) 
and, by summing both sides of this identity over y, one obtains (4.8). 
Q.E.D. 
EXAMPLE. Let W be an annulus in the plane and fan area preserving 
mapping of W onto itself which is homotopic to the identity. Then 
H’( W, [w) is one-dimensional and is generated by [de]. Thus, the 
coholomology class, c, of B - 0: has to be a multiple, A, of [de], and since 
(4.8) reduces to 
f* d13 - de = d(argf), 
P(YT B) = P(Y, a) + AW(Y), 
where W(y) is the usual winding number of the trajectory, y, around the 
origin. 
We will next discuss a notion of period spectrum for symplectic 
manifolds for which the symplectic form is not exact. In this case there does 
not appear to be any natural way of defining the “period” of a periodic 
trajectory of the system (2.1) as a numerical invariant; however, it is 
sometimes possible to define it as an Iw mod Z invariant. 
Suppose, for instance, that o is integral, i.e., suppose that the ReRham 
cohomology class, [o], in H2( W, [w) is the image of a cohomology class in 
H*( W, E). Then there exists a Hermitian line bundle, L, and a connection, 
V, on L such that o is the curvature form of V. Iffis a symplectomorphism 
of W, then, module some topological assumptions which we will not go 
into here, f can be lifted to a connection-preserving automorphism of L. 
(For instance, if W is simply connected, (L, V) is determined uniquely, 
up to isomorphism, by w, and a lifting off exists and is unique up to 
multiplication by a constant of modulus one.) Let us denote such a lifting 
by f". Then if p=pO, . . ..p.=p=f(pn-,), is a periodic trajectory off, 
(f# 1,” = c(W,, on the fiber, L,, of L at p, where c is a constant of 
modulus one. One can define the “period” of the trajectory above to be arg 
c/27r. If W is simply connected, this quantity is intrinsically defined for all 
periodic trajectories of period n, up to addition of a fixed constant n@, (not 
depending on the trajectory) and is an [w mod Z invariant of the trajectory. 
(If W is not simply connected, one has to be careful about the choices of 
L and the lifting in order to make this quantity well-defined: however, this 
is very often possible.) 
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EXAMPLE. Let W= R2/Z2, with its standard symplectic form, and let .f 
be the self-map of W associated with a matrix 
a b 
A= 
! ! c d 
of determinant one with integer entries. The period spectrum off turns out 
to be well-defined in the sense described above and, in fact, turns out to be 
computable as follows: Let p be a periodic point of order n, i.e., a point 
that returns to itself after n iterations. This means that if v is a vector 
representing p in R*, then 
A”v = v + z, (4.12) 
with z E Z*. Let 52 be the standard symplectic form on R2. 
CLAIM. The ‘period,” mod Z, of the periodic trajectory of period n 
starting at p is 
Q(v, A?). (4.13) 
We will not give the proof here; however, we will show that (4.13) is 
well-defined as a mod Z invariant. Suppose one replaces v by another 
vector, v, , representing p, i.e., u, = v + w, where w is in Z*. Then 
A”u,=A”u+A”w=u+z+A”w 
=vl+z+Anw-w. 
Hence, module Z, 
Q(v,, A%,) = Q(v,,; + A”w - w) 
= Q(v, z) + sZ(u, A”w - w). 
The first term on the right is just Q(u, A%), and the second term can be 
rewritten in the form SZ(A-“v-v, w). By (4.12), A-‘%- o is in 2’; so this 
term is in Z. Hence, modulo E, the quantity, (4.13), is well-defined inde- 
pendently of u. (We will discuss this example (and examples like it) in more 
detail in a sequel to this article.) 
5. THE INTEGRABLE CASE 
The system, (2.1), is integrable if there exist n independent functions on 
W which are in involution and are integrals of motion of the system. 
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Formulated more geometrically, this means that there exist an n-dimensional 
manifold, B, and a CT fibration 
TT: W-+B (5.1) 
such that 
nof=n, (5.2) 
and such that the fibers of (5.1) are Lagrangian submanifolds of W. We will 
assume, in addition, that the fibers of (5.1) are compact and connected, and 
that B is contractible. We will also continue to assume that o is exact. 
These assumptions enable one to define action-angle coordinates on W. 
More explicitly, by a theorem of Arnol’d, the fibers of 7~ have to be n-tori; 
so if Fb is the fiber above b E B, there is an isomorphism, 
H1(Fb, ;2) 1 Z”. (5.3) 
The isomorphism, (5.3), is not canonical; however, if one specifies (5.3) at 
some point, b,, then, because of the simple-connectivity of B, (5.3) is then 
specified at all points. This implies that there exist closed curves 
Yk(bh k = 1, . . . . n, (5.4) 
on Fb which vary smoothly as b varies and which are generators of 
HI(Fb, h). Now let CY be a one-form whose exterior derivative is o, and let 
Z,(b) be the integral of a over yk(b). The Zk’s form a system of coordinates 
on B called action coordinates. If one replaces the one-form, a, by a one- 
form, #I, whose exterior derivative is also equal to o, then /? - a is closed; 
so the integral of /I oyer y,(b) differs from the integral of a by a quantity 
which does not depend on b. Hence the effect of replacing /I by a is to 
change Zk by an additive constant. 
Another ambiguity in the definition of the Zk’s is the choice of the map 
(5.3). As we pointed out above, however, this choice is ambiguous only in 
the sense that one has to specify (5.3) at a single point; so the only way to 
change (5.3) is by applying to Z” a linear transform of the form 
where (ok,,) E GL(n, Z); and this has the effect of changing the Zk’s by a 
transform of the form 
lb = c ak,izl. 
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Thus, to summarize, the Zk’s are intrinsically defined up to the choice of a 
c E R” and an n x n matrix, (uk,,), with integer entries. 
Given the action coordinates, I,, . . . . I,, one can find functions 
on W which are defined modulo 2nZ and satisfy 
co = 1 d0, A dl,. 
These functions are called angle coordinates; and, together with the action 
coordinates, they form a Darboux coordinate system on W. Unlike the 
action coordinates they are not intrinsically defined. In fact given a smooth 
function, F= F(Z,, . . . . I,), the coordinates 
O!=O.-dF I I ari' i= 1, . . . . n, 
also satisfy (5.6). However, one can show that if 0, , . . . . 0, and 0;) . . . . 0: are 
two sets of angle coordinates, they have to be related by a transformation 
of the form (5.7). (For more on action-angle coordinates see [Am] or 
[Dui].) 
Suppose now that f is a symplectomorphism of W satisfying (5.2). Let 
1, 3 ‘.., I,, 01, . . . . O,, be a system of action-angle coordinates on W. Then 
f *Ik = Ik, k = 1, . . . . n; (5.8) 
so, by (5.6), the f *O,‘s are also a system of angle coordinates. Thus, by 
(5.7), there exists a smooth function, F= F(Z,, . . . . I,,), such that 
f*o,=o,,+$, k = 1, . . . . n. 
k 
(5.9) 
Note, by the way, that since the action coordinates are intrinsically defined 
up to additive constants, so is the function, F. The mapping, (5.8)-(5.9), is 
called non-degenerate if, for all b E B, 
a2F 
det az,ai, #O ( > (5.10) 
The main result of this section is a theorem which says, roughly 
speaking, that the period spectrum of the system (2.1) is easy to compute 
when f is non-degenerate, i.e., when (5.10) holds. Before stating this 
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theorem, however, we first recall a few elementary facts about Legendre 
transforms. Let 
ZF: B+R” (5.11) 
be the Legendre transform associated with F. (By definition 
-%(b) = 
( 
g (b), ...) g (b) . 
1 n ) 
(See, for instance, [Am].) 
Since (5.10) holds, the image of YF is an open subset, U, of R” and SF 
is locally a diffeomorphism of B onto U. We will stengthen the assumption 
(5.10) by assuming that YF is globally a diffeomorphism of B onto U. 
PROPOSITION. The inverse of & is also a Legendre transform. In fact 
8,‘=2? H, (5.12) 
where 
... +I.$-F 3’;‘(q). 
n 
ProoJ: See the previous reference or [GS, p. 3971. 
Suppose now that q is a point in U with coordinates 
27cri 
qi=NY i = 1, . . . . n, 
(5.13) 
where r,, . . . . Y, and N are integers. Without loss of generality we can 
assume that the r;s and N have no common multiples. Let b = &Jq), and 
consider the mapping, (5.8)-(5.9), on the fiber above b. By (5.9) this 
mapping is just translation by q; so if we iterate it N times we obtain the 
identity mapping. Thus, every point, p, on the fiber above b is periodic of 
period N. Moreover, as the system, (2.1), moves along the periodic trajec- 
tory through p, the angle variable, Bi, winds ri times around the unit circle; 
so, to summarize, if one denotes by ci the DeRham cohomology class in 
H’( WlQ) defined by de,, the trajectory, y, through p is periodic of period N 
and has winding numbers 
47, ci) = ri, i = 1, . . . . n. (5.15) 
Note, by the way, that the converse of this statement is also true: if p is a 
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periodic point of period N, and the trajectory, y, through p has winding 
numbers, (5.15), then the coordinates of the point 
4 = (PF0 X)(P) 
are given by (5.14). 
Let us now compute the period spectrum of the system (2.1). Let 
M = C I, dOk. Thus, by (5.8) and (5.9) 
On the other hand, by (2.2), the right-hand side is d#,; so 
&&,g-F. 
k 
Thus if q = (gFo n)(p), d,(p) = H(q). In particular, 4, is constant along 
the trajectories of (2.1); so if the trajectory through p is periodic of period 
N, the sum (2.5) is just NH(q). Thus, to summarize, we have proved: 
THEOREM. Let q be the point in U with coordinates (5.14) and let p be 
any point on the fiber above ZH(q), Then the trajectory, y, through p is 
periodic of period N and its “period” is 
P(Y, a) = NH(q). (5.16) 
The set of points, (5.14), is dense in U; so, in view of (5.8), (5.9) this 
theorem has, as a corollary, the following “inverse spectral” result. 
THEOREM. The labelled period spectrum of the system (2.1) determines 
(2.1) up to symplectomorphism. 
Remark. The unlabelled period spectrum, by contrast, tells one 
relatively little about the mapping, f: 
6. THE NON-INTEGRABLE CASE 
If one perturbs an integrable system of the type described in Section 5, 
the tori, F6, associated with the points, (5.14), break up into a finite num- 
ber of periodic trajectories, each having the same period (i.e., N) and the 
same winding numbers (viz., rl, . . . . r,) as the trajectories on Fb of the 
unperturbed system. In Section 7 we show that in certain cases there are 
asymptotic formulas for the “periods” of these trajectories as N + cc and 
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the ri)s stay bounded. The proof of this fact will require a close inspection 
of the classical proof (by Poincare, Birkhoff et al.) of the existence of these 
trajectories. This we will do in the six subsections below: 
1. Let A4 be a symplectic manifold and let h: A4 x I-+ M be an 
isotopy with the property that, for every t EZ, h,: M+ A4 is a symplec- 
tomorphism. This isotopy is said to be Hamiltonian if, for every TV Z, the 
vector field 
is globally Hamiltonian. Using this notion we will introduce an equivalence 
relation on the set of all Lagrangian submanifolds of M. Given two 
Lagrangian submanifolds, A and A,, we will say (following Weinstein 
[W]) that they are isodrustic if there exists a Hamiltonian isotopy, h, such 
that h,, is the identity, and h1 maps ,4 diffeomorphically onto A,. 
2. Let us see what it means for two nearby Lagrangian manifolds 
to be isodrastic. Let A be a compact Lagrangian submanifold of M. By the 
Weinstein tubular neighborhood theorem, there exist a neighborhood, U, 
of A in M, a neighborhood, U,, of the zero section in T*A, and a symplec- 
tomorphism, @: U + V,,, which conjugates the inclusion mapping z: A -+ M 
and the’standard inclusion mapping z,,: A + T*A, p -+ (p, 0). Now let A, 
be a Lagrangian submanifold of M which is “Cl-close” to A in the sense 
that the isotopy, h, in the paragraph above can be chosen Cl-close to the 
identity isotopy. Via the symplectomorphism, @, we can think of A as 
sitting inside of 17, as the graph of a section 
s: A -+ T*A. (6.1) 
Let p be the one-form on A defined by s. Since A, is Lagrangian, ZJ has to 
be closed. We claim (see [W] ). 
THEOREM 6.1. A and A, are isodrastic if and only if p is exact. 
If A and A, are isodrastic, there exists a smooth function 
called the defining function of A, relative to (U, @). Note that, by (6.1), the 
critical points of 4 are exactly the points where A and A, intersect. Since 
A is compact, 4 must have at least two critical points, and hence A and A, 
must have at least two points of intersection. 
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3. For applications to the fixed point theorems we will need to 
“functorialize” the result above: Let A4 and N be symplectic manifolds and 
let r be a canonical relation between M and N (i.e., a Lagrangian sub- 
manifold of M x N - ). Let A be a compact Lagrangian submanifold of M. 
For the following see [Her]. 
THEOREM 6.2. Suppose pr,: r+ M is transversal to A. Then the set 
f-o/i= (qEN, 3p~A s.t. (p, q)Efj 
is a Lagrangian submanifold of N. 
Now let A, be a Lagrangian submanifold of M such that A and A, are 
isodrastic. Let h be a Hamiltonian isotopy joining A to A, and, for all t E 1, 
let A, = h,(A). 
THEOREM 6.3. Suppose that pr,: r--+ M is transversal to A, for all t. 
Then all the Lagrangian manifolds, ra A,, are isodrastic. 
(In particular, ro A and To A, are isodrastic.) 
4. Let M be a symplectic manifold of dimension 2n, let S be a 
manifold of dimension n, and let p: M + S be a fibration whose libers are 
Lagrangian submanifolds of M. For every SE S let M, be the fiber above 
s. Let f: M --) M be a symplectic mapping with the property that, for every 
s E s, 
f:M,+M 
is transversal to M,. Then if ps is a point of intersection of M, and f (M,T), 
it is isolated (there is a neighborhood of p, containing no other points of 
intersection) and depends smoothly on s. In other words: 
THEOREM 6.4. The set 
A,= {PAM, P(P)=P(~(P)) (6.2) 
is an n-dimensional submanifold of M, and the map, p: A,-, S is locally a 
diffeomorphism of A, into S. 
We will now prove a slightly less trivial result: 
THEOREM 6.5. A,. is a Lagrangian submanifold of M. 
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Proof We apply Theorem 6.2 with M replaced by Mx M-, with N 
replaced by M, with r replaced by the set, 
r, = ((P, q,P)EWxM-)xM, P(P)=P(~)~, 
and with ,4 replaced by graphJ It is easy to check that 
(a) r1 is a canonical relation between Mx M- and M. 
(b) The map, pr, : rr + M x M-, is transversal to graphfif and only 
if, for all s E S the map, f: MS + M, is transversal to M,. 
(c) A,. is equal to r,(graphf). 
Thus we can apply Theorem 6.2 to rr and graphA and, in view of c, this 
proves /1, is Lagrangian. 
5. Let fr be a symplectic mapping of M onto itself, which is a 
“small” perturbation of J: We will say that f and f, are isodrastic if their 
graphs are isodrastic as Lagrangian submanifolds of Mx M-. If fi is a 
“sufficiently” small perturbation of f; it also satisfies the hypotheses of 
Theorem 6.4, and hence /1/, is also a Lagrangian submanifold of M. There- 
fore, iffandf, are isodrastic, Theorem 6.3 implies the following elementary 
(but important) result. 
THEOREM 6.6. The Lagrangian manfolds, A, and A,, are isodrastic. 
In particular suppose that A, is mapped onto itself by f: Then 
4 - Af=f(/i,) -rcJf, 1 -fAA, 1. 
The relation, “ N ,” is “isodrasticity.” (The last two equivalences are easily 
deduced from Theorem 6.3.) Hence (since isodrasticity is an equivalence 
relation) 
(6.3) 
Suppose now that /ir is connected and compact. Then, by Theorem 6.4, the 
map 
p: Ap s (6.4) 
is a finite-to-one covering map, and 
$/if-+/l, (6.5) 
is a deck transformation interchanging the sheets of this covering. The case 
of most interest for us will be the case when (6.4) is a diffeomorphism. In 
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that case f has to be the identity mapping, and all points of A, are fixed 
points of J Let us consider the corresponding situation for A,,: Since A, is 
diffeomorphic to A,, Theorem 6.4 (applied to A, ) implies that 
P: A., -+ s (6.6) 
is a diffeomorphism. On the other hand since A, and fi(A,) are isodrastic, 
there exists a function 
4: A, + R (6.7) 
(the defining function off (.4, ) with respect to a tubular neighborhood of 
A,) such that if p is a critical point of 4, then A, and f (A,) intersect at 
p. For such a point 
P(P) = P(f (p)); 
so the fact that the map (6.6) is a diffeomorphism implies that p = f (p); i.e., 
every such point is a fixed point of fi. Thus we have proved: 
THEOREM 6.7. The function, (6.7), has the property that each of its 
critical points is a fixed point of fi. 
Note, in particular, that since A, and A,, are C,-close, and every point 
of ,4r is a fixed point off, there exists a fixed point off which is “close” to 
each of the fixed points of fi whose existence is predicted by Theorem 6.7. 
6. Let us now suppose that the system (2.1) is integrable. Let 
(1,) ‘*‘, In, 03, ‘.‘, 9,) be action-angle coordinates on W, let T” be the 
n-torus associated with the 8’s, and let 
p: W-T (6.8) 
be the mapping which maps the point in W with coordinates (Z, 0) onto the 
point in T” with coordinates, 8. Let pa be a periodic point of the system 
(2.1) of period N and let r, , . . . . rn be the winding numbers of the trajectory 
through this point. Then the torus 
A= {PE WJ(P)=Z(Po)) (6.9) 
consists entirely of periodic points of period N, and for every point on this 
torus the trajectory through this point also has r,, . . . . r,, as winding num- 
bers. Suppose that f satisfies the non-degeneracy condition (5.10). Then the 
set (6.9) is an isolated component of the fixed point set of f N; so if we 
replace the domain of definition of the Zk’s by a small subdomain, we can 
580/100/2-8 
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arrange for A to be the set of all periodic points off of period A? Hence, 
letting f=fN in Theorem 6.5, we obtain 
‘4 = Ap (6.10) 
Now let f, : W + W be another symplectic mapping of W onto itself, and 
let 
f" 17 k = 0, + 1, . . . . (6.11) 
be the dynamical system that it generates. If f and f, are isodrastic, then 
(by Theorem 6.3) so are f N and f;“. Suppose, in addition, that f N and f y 
are “C,-close.” Then, as a corollary of Theorem 6.6 we obtain: 
THEOREM 6.8 (Birkhoff and Lewis). There exist at least two periodic 
trajectories of the system (6.11) of period N and with rz, . . . . r, as winding 
numbers. Moreover, these trajectories are “close” to periodic trajectories on 
A of the unperturbed system. 
Remark. In the applications which we will discuss below, N tends to 
infinity. We will therefore have to worry’s good deal about whether f N and 
f ;” are sufficiently close for us to be able to use this result. 
7. THE BIRKHOFF CANONICAL FORM 
Let X be a symplectic manifold, f a symplectic mapping of X into itself, 
and p a fixed point of J: Suppose that the eigenvalues of dfp are all of 
modulus one, that is, of the form 
e ’ 2ai*k, k = 1, . . . . n 
and suppose in addition that the numbers, 
(7.1) 
wo,*-, n, 0 co,=1 
are independent over the rationals (i.e., if 
aomo + . . . + u,w, = 0, 
and the a;s are rational, then they are all equal to zero). 
Then one can find a system of Darboux coordinates centered at p such 
that, in these coordinates, the Taylor series of the mapping f has a very 
simple form, which we will describe below. For the moment let 
Xl, . . . . X “3 Y 19 ‘-*v Y” 
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be any Darboux coordinate system centered at p, and let ri and oi be the 
polar coordinates associated with xi and yi; i.e., 
Then 
xi = ri cos 8; and yi = ri sin Bi. 
so if we set 2si = rf , the e;s and sis are again a Darboux coordinate 
system. 
THEOREM 7.1 (Birkhoff, Lewis, and Sternberg). There exist a Darboux 
coordinate system centered at p and a C” function, F = F(s,, . . . . s,,), with 
F(0) = dF(0) = 0, such that in terms of this coordinate system F has the form 
f*si=s;+O((s(") 
f*ei=ei+w,+g+O(,s,"). 
(7.2) 
I 
Proof. See [St]. 
Another way of stating this result is that the symplectic mapping, f, has 
infinite order of contact at s = 0 with the mapping, fi of (s, 13) space onto 
itself defined by 
f;lisi=si, 
f,*8i=ei+wi+$ 
I 
(7.3) 
Note, however, that the dynamical system associated with the mapping 
(7.3) is completely integrable; the s’s and 8’s are action and angle coor- 
dinates for this system, so the theorem says that if the eigenvalues of dfp 
have the properties described above, the system (7.2) has infinite order of 
contact with the integrable system (7.3) at p. 
The map, f, is said to satisfy the Birkhoff twist condition at the point, p, 
if 
If this condition holds we can, without loss of generality assume that 
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at all points of s-space. In other words we can assume that the integrable 
dynamical system (7.3) is non-degenerate. This implies (see Section 5) that 
the function, F(s), is a symplectic invariant of this system. Since (7.2) and 
(7.3) have infinite order of contact at s = 0, it follows that all terms in the 
Taylor series expansion of F(s) at s= 0 are symplectic invariants of 
the system (7.2). We will henceforth refer to these invariants collectively as 
the Birkhoff canonical form of the system (7.2). 
Let W be the space, R” x T”, associated with the coordinates (s, 0). Since 
we are only interested in the behavior off near p we can, without loss of 
generality, make any modification we want to the mapping, f, outside of a 
small neighborhood of p. In particular we can assume: 
A.l. The symplectic mappings, f and fi, are globally defined on W. 
A.2. f and f, are equal outside a small neighborhood of the set s = 0. 
A.3. f and fi have infinite order of contact along the Lagrangian 
manifold, s = 0. 
A.4. There exists a Hamiltonian isotopy 
f,: w+ w, O<t<l (7.4) 
mapping the set s = 0 onto itself, such that f, =f when t = 0 and f, =fi 
when t= 1. 
A.5. The Legendre transform 
2$R,+U (7.5) 
associated with the function, F(s), is a diffeomorphism of R” onto U. 
We recall from Section 5 that if q is a point in U with coordinates 
qi=oi+2x~ 
N’ 
i = 1, . . . . n, (7.6) 
and s,, in the point in R” which is mapped onto q by gF, then all points 
on the fiber above s0 in W, 
A, = (i%, Q, f9 E q (7.7) 
are periodic points (of period N) of the system (7.3), and, for every point 
on this set, the trajectory through this point has winding numbers rl, . . . . r,, 
with respect to de,, . . . . de,,. Our objective for the moment is to prove: 
THEOREM 7.2. Let C be a positive constant and k a large positive integer. 
Then there exist a positive constant C, and a positive integer N, (depending 
on C and k) such that $rT + . . . + ri 6 C and N > NO, there exists a periodic 
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point, p, of the system (7.2) which is of period N and has the property that 
it and all its iterates are a distance less than C1 Npk from the set (7.7). 
Moreover, the trajectory through p has the same winding numbers, viz., 
rl, . . . . rn, as the trajectories on A4 of the unperturbed system. 
Proof (in Five Easy Steps) 
LEMMA 1. For every C> 0 and every positive integer k there exists a 
constant, Ck, such that ifp = (s, 8), with 1st d C/N, and (s,, 0,) =f ‘(p), then 
for r$N 
IS,--sI <CkN-k. (7.8) 
Proof Left to the reader. (Also see the Appendix.) 
LEMMA 2. For every constant, C> 0, and every positive integer, k, 
there exists a constant, C,, such that if p = (s, 19) with (s( < C/N and 
b,, 0,) =f’(p), then 
(7.9) 
Let Y be the submanifold of Wx W consisting of the points (s, 8, s’, 0’) 
with 13 = 8’ mod 2712. 
LEMMA 3. Given C > 0 there exists an N,, such that if N > No and graph 
f N intersects Y at (s, 0, s,,,, (3,) with ) sJ d C/N, then graph f N and Y inter- 
sect transversally at this point. 
LEMMA 4. Given a constant C > 0 and a (large) positive integer k, there 
exists an integer, N,, and a constant C, such that ifq is the point (7.6) (with 
C rf < C and N > N,) and s0 is its pre-image, then the set of points, (s, 8), 
in W satisfying 
(f “)* f3,= ei mof 2nZ, and Is--soI <CkN-k (7.10) 
is an n-dimensional submanifold, A, of W which is mapped dtffeomorphically 
onto T” by the map (s, 6) -+ 8. 
Proof We leave the implications, Lemma 1 * Lemma 2 * Lemma 3 * 
Lemma 4 as exercises. (See also the Appendix.) 
Since f can be deformed into f, by a Hamiltonian isotopy and fi can be 
deformed into the identity by a Hamiltonian isotopy, the Lagrangian sub- 
manifolds, 4 and j(,4), of W are isodrastic in the sense of Section 6. 
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Moreover, A andf(A) are Cl-close; so, by Theorem 6.8, A contains a fixed 
point of the mapping, f” (i.e., a periodic point of period N of the system 
(7.2)). By Lemma 2 this point and its iterates are a distance < Ck N-k from 
the set (7.7); in fact, there exists a point, p,, on this set so that it and its 
iterates (with respect o f,) are a distance < Ck Nek from p and its iterates 
with respect of: However, p1 is a periodic point of the unperturbed system 
of period N, and the trajectory through p1 has winding numbers r,, . . . . r,. 
Thus, by the estimates, (7.8) and (7.9) the trajectory through p also has 
r,, . . . . r, as winding numbers. Q.E.D. 
Now let c1 be the one-form, C sidei, and let 4 and 4i be the functions 
defined by the identities 
f*a-a=d4 
and 
fFa-a=ddl. 
If we normalize 4 and di by requiring that they be zero at s=O then by 
(7.2), 
4-h =Wsl”)* (7.11) 
Note by the way (see Section 5) that 4i is a function of s alone (does not 
depend on 0). Let p be the periodic point of the system (7.2) predicted 
by Theorem 7.2 and let y = YN,r be the trajectory through p. Let 
P(N, r) = P(y, a) be the “period” of this trajectory, i.e., the sum 
1 #(Pi), Pi E Y* 
By the estimates in Theorem 7.2 and by (7.11) this sum differs by an error 
term of order O(NWk) from No,, which is the “period,” Pi(N, r), of any 
of the periodic trajectories of the system, (7.3), sitting over s,,. However, we 
showed in Section 5 that there exists a smooth function, H, on U such that 
P,(N,r)=H $,...,: ; 
( > 
so we have proved 
THEOREM 7.3. The “periods” of the periodic trajectories, yN,,, satisfy 
P(N, r) = H + O(N-“) 
as N-P CO (provided that the r’s stay bounded). 
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In particular, let u be the unit vector 
and let t, = -&-r/l r\ . The theorem says that the limit, as N --+ co, of the 
difference, 
WthJJ) - WO) 
tN 
> 
of the second difference, 
kf(t,,,t)) + H( - t,u) - 2H(0) 
2 ~ 
tN 
3 
etc., can be read off from the periodic spectrum. Hence for any “rational” 
point, u, on the unit sphere, the Taylor series of the function 
t + H( tu) 
can be read off from the period spectrum. Since the set of rational points 
is dense in the unit sphere, it follows that the Taylor series of H itself can 
be read off from the period spectrum. However, as we pointed out in 
Section 5 the function H determines the system (7.3) up to symplec- 
tomorphism; so, to summarize we have proved: 
THEOREM 7.4. The labelled period spectrum of the system (7.2) deter- 
mines f, up to symplectomorphism, in a formal neighborhood of s = 0. 
Let us now turn to the theorem mentioned in the Introduction. Let M 
be a (2n + 1 )-dimensional manifold; let c( be a contact form on M, let 
exp tE, - co < t < co, be the dynamical system associated with this contact 
form, and let y be a periodic trajectory of this system. Suppose y is elliptic 
and non-degenerate. (For the precise definitions see the Introduction.) We 
want to show that it is impossible to deform the contact manifold, M, in 
a formal neighborhood of y without deforming the period spectrum or the 
eigenvalues of the linear Poincare map. Let (M, cls), 0 <s d 1, be such a 
deformation. By the implicit function theorem the dynamical system 
associated with (M, a,) has a unique periodic trajectory y,, 0 < s < E, which 
depends smoothly on s and is equal to y when s = 0. We want to show that 
if the dynamical system associated with (M, a,) has the same “spectral” 
data as the dynamical system, exp tS, then there exists an isotopy, 
h,: M -+ M, depending smoothly on s, such that ho is the identity and h,*a, 
agrees to infinite order with a along y. Without loss of generality we can 
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assume that y,= y. Fix a point PE y and let W be a 2n-dimensional sub- 
manifold of M which intersects y transversally at p. If we choose W small 
enough, then there is a well-defined Poincare map 
.k(W,P)-‘(w,P) 
associated with the contact system, (M, LX,), for all s E [0, a). By Proposi- 
tion 2.1 the period spectrum of this map is independent of S; so, by 
Theorem 7.4, there exists a symplectic mapping 
g,: (W,P)-,(W,P) (7.13) 
such that f, 0 g, and g, 0 f have identical Taylor series expansions at p. We 
claim that it is possible to make g, depend smoothly on S. In fact suppose 
g is a symplectic map of (W,p) into (W,p) which commutes with the 
mapping (7.3). It is easy to see that any such map has to be of the form 
(and) 
g*s, = St 
g*Oi= 0, + g (S), 
I 
where G(s) is a smooth function of the s’s. Therefore, if we require the g, 
in (7.13) to satisfy g,*8,=0, i=l,...,n, on the set 13,= *a. =8,=0, this 
makes the solution of the conjugacy problem f, og, =g, of, unique (and it 
is obvious that this solution depends smoothly on s). 
Finally, to conclude the proof we note that, by Theorem 3.7, the 
mapping gS extends canonically to a mapping 
satisfying h:a, = u, where U and U, are “formal” neighborhoods of y and 
ys in M. 
APPENDIX 
0. Introduction 
We consider R*“’ equipped with coordinates (xi y,), i= 1, ..,, m, which we 
will denote by (x, y) for short, and with the symplectic form 
Q=Cdx, ,-, dy,=dx )\ dy. 
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We introduce the subspaces of codimension two, Ai = ((x, y) E [W2m, 
xi = yi = 0} and the open set U = lRzm/U A i. On the open set U, we use the 
“action-angle” coordinates (si, (!I,), denoted by (s, 0), for short, defined by 
sj = (xf +yf)/2, xi = (2si)l’* cos et, yi = (2si)“‘sin ei. 
We let Is( =sr+ ... +s,. 
Restricted to U, the symplectic form, G?, becomes 
52 = 1 dsi A dBi = ds A d0. 
Consider now the symplectic diffeomorphism 
F,,: U+ U, F,: (si, Oi) -+ (sf = si, 0; = Oi + wi + Q,(s)), 
where aQi/asj is a symmetric matrix so that aQ,/as,(O) is invertible. 
DEFINITION O-l. We will denote by F,,,, the set of infinitely differen- 
tiable symplectic mappings defined on some fixed neighborhood of the 
origin in (Wzrn which are tangent to F,, to order k (k > 3). 
1. Study of the Iterates of an Element F of Fw,Q,k 
LEMMA l-l. Ifs belongs to an open convex cone, P,, with closure in lRT 
and I s ) -C a is sufficiently small, the mapping, F: (si, Oi) + (s:, 0: ), satisfies 
the following estimates uniformly: 
(i) s’=s+O(JSJ(~+~)‘~), 
(ii) 01=O+~+Q(~)+O(l~l(k-1)'2). 
Proof Part (i) is obvious from the fact that f is tangent to F0 to order 
k. We obtain (ii) from 0’=Arccos(x’/(2s’)‘/*) and the fact that s belongs 
to a convex cone P, of IR’J implies that for all i = 1, . . . . m, l/s, is of order 
O(lsl -‘I. 
LEMMA 1-2. If P,, P, (resp. P,, P2) are two open convex cones with 
closure in UT?:, so that rW= 2 P, 1 P,(resp. lK!T 3 P2 3 PI), there is a 
constant a, (resp. a2) so that for any u in P,, (resp. PI), (U-VI <a, I uI 
(resp. I u - v ( -C u2 I u I) implies that v belongs to P, (resp. Pz). 
LEMMA l-3. We obtain for the successive iterates of F, FJ: (sit Oi) -+ 
(si, 0;) the estimates (j = 1, . . . . N) 
sj = s + O( N ) s ) (k + l/2)). 
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LEMMA l-4. Let a be such that a < 1, NaCk-‘)/* -C az. If 8 belongs to P,, 
then we have 
Proof: By l-3 and the conditions on a, if s belongs to P, then sj 
(j= 1, . . . . N) belongs to Pz. We can thus control the angle coordinates as 
in l-l. 
LEMMA l-5. With the same conditions that we had in 1-4. we can write 
1 atlj/&J - Id 1 = O(N 1 s ) (k - I)‘*). 
This lemma will be used only in the second part. 
LEMMA l-6. Zf s belongs to P, and a < 1, Na’k-‘)‘2 < a2, then we have 
1 iYOj/ds - jQ’(s)l = O(N 1 s 1 (k- 3u2). 
Proof: The derivative relative to s is 
a/as = (424 alax + (JJ/~s) a/ay 
and so the estimate follows from l-4. 
DEFINITION l-7. An integer N and a multi-index r are said to be 
associated vis-a-vis the convex cone PO, and the constants /I and y, if the 
following conditions are satisfied: 
(i) r-No belongs to Q(PO), 
(ii) ) r - No) < /?Nli5, 
(iii) N>y. 
THEOREM 1-1. Suppose s<a, s belongs to P,, a< 1, Na(k-1)12<a2, and 
N and v are associated; then the equation 
eN =8+r 
can be solved for s in terms of 8, 
s = %, Nteh 
where Yr,, is a dtfferentiable function defined on the torus. Furthermore, we 
have the estimate (with 6,n = Q-‘(N-‘r - 0)) 
!P r, N = w,, + O(@, ‘1’2). 
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ProoJ We write 
ON = 8 + NW + NQ(s) - G,(s, 8) 
and we consider the mapping 
fx-f(s)=tir,N+Q-‘(N-‘GN(s, 0)). 
We claim first that f is a strict contraction on any compact set contained 
in the domain in which s varies. 
If(s)-fWl< Is--‘1 sup IWsQ-‘W’%4s, @))I 
and by l-6 
1 (80N/ds - NQ’(s)l = O(N 1 s I(& ~ ‘)“) = I8/c%G,(s, fl)\ 
d/&Q-‘(N-‘G,(s, 0))= (Q-l)’ (N-‘G,(s, f?) N-‘d/hG,&, 6’) 
=o(J(s(J’k-l)/*) O(],py. 
If a is small enough, we clearly have 
If(s)-fWl <K Is--‘1 with ~-cl. 
Let B be the ball centered at 0,. N of radius a, W,,,. We show now that f 
leaves B invariant. 
From condition (ii) in Definition 1-7, we know that 
lO,,,l <Q-‘(N-‘r-o)l =O(N-4’s). 
Now 2 > 2/(k - 1) because k > 3.5. Since a = O(N ~ ‘I(&- I)) we can assume 
that y is large enough that 
I e,, I < 42. 
We can assume also that 
(1 +a,)<2 
so that if s belongs to B, we obtain 
l~-&,~l <aI l&.,1 
Isl <(I +al)l&,NI <a. 
Furthermore, by condition (i) of Definition 1-7 and Lemma 1-2, 
Is - Ol,.,l < a1 1 O,.,,, I implies that s belongs to P,. We can therefore apply 
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all the preceding majorations to any element s in B. By l-4 and 
(sJ<(l +a,)(G,,l we obtain the majoration 
which proves that f leaves B invariant. The fixed point theorem gives the 
existence of !P,,N, and the estimate above implies 
1 Y?,,(e) - O,,( = O(rp; I)‘*). 
2. Existence of Periodic Points 
We now follow a well-known method to prove the existence of periodic 
points (cf. [F], CM]). We obtain a more meticulous proof of Theorem 6.8 
with the estimates that are required. 
Let us denote by iJ, the set defined by 
U, = {s <a, p belongs to P,, Nu(~-‘)/* < a2 >. 
We consider the product manifold (UN x Urn) x (P2 x Tm) equipped with 
the symplectic form 
CJ = ds A de - ds’ A de’. 
Let AN be the graph of the mapping FN. The fact that FN is symplectic is 
equivalent to 
aIA,=O. 
To parametrize the graph A,, we can use either the independent coor- 
dinates (s, 0) or the coordinates (s, 0’) thanks to the following: 
PROPOSITION 2-l. When s is fixed in UN, 8 --f ON is a diffeomorphism of 
the torus. 
ProoJ: By Lemma 1-5, the mapping 8 + ON is locally a diffeomorphism. 
Therefore, since the torus is compact, it is a covering map. Now it is easy 
to see that it is homotopic to the corresponding mapping for F,,, which is 
a diffeomorphism, hence it is a diffeomorphism. 
Let us consider the one-form 8 ds+ O’ds’. It is closed on the graph, so 
there is a function S, defined on the universal cover of the graph so that 
0 & + 0’ ds’ = dS,(s, 0’). We introduce the function 
sN(s, e’) = sN(s, 8’ ) - se’. 
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PROPOSITION 2-2. The function 8’ -+ Sl,(s, 8’) is periodic of period 271 
and hence it is defined on the torus. 
Proof. Let r be a loop of index q obtained by varying O’, with s fixed, 
in the graph A N. Then 
jr SS:, = jr (W/W) de’ = j-r (s“‘- s) de’. 
The one-form sN de’-sde is analytic at the origin. The loop r can be 
contracted to a point in the domain of analyticity of the form and so the 
integral Jr sN de’ - sd0 is zero. 
When the angles variables, 8’, vary through 271~ radians, so do the angle 
variables, 8, because the difference 1 ON- 8 - NoNQ(s)\ can be supposed 
smaller than an integer. Thus, we find 
s sN de’ = s sde = sq = s sde’ and so s dS’, = 0. I- I- I- I- 
THEOREM 2-3. Zf the multi-index r and the integer N are associated, the 
symplectic mapping F has periodic points of period N and of index r relative 
to the axes Ai. The action coordinates of these periodic points belong to U, 
and so they satisfy the estimate of Theorem l-l. 
Proof We consider the set (0” = q + r} in the graph A,. By 
Theorem l-l, it can be parametrized by s = Yu,,(0), and so it is a torus, 
which we will denote by T,,,. We introduce, on this torus, the function 
R,,, defined as 
R,N(e’)=sX(yY,N(e’), e’). 
We can check that 
aRr,N(e’)/ae’ = SN(S, e) - S. 
The equation for the periodic points 
sN(s, e) - s = 0, eN=e+r 
is equivalent to 
aR,,(eyaef = 0, 
which always has a solution because a differentiable function always has 
two critical points on a torus. 
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3. Control of the Period Spectrum 
Let the function f be defined by the equation 
F* (tlds) - Ods = df: 
Recall from Section 2 that the “period” L,, of a periodic orbit of index r 
and of period N is the sum of the values off over the points of that orbit. 
We denote by f0 and LFN the corresponding quantities for the mapping F,. 
THEOREM 3-1. There is an estimate 
1 L,,- L;J =-O(N-4k’5+‘2’5). 
Proof: Let us denote by (x1, y’), . . . . (x”, yN) a periodic orbit for F of 
the type we considered in Proposition 2-l. Let (x;, y;) be a point whose 
action coordinates are O,, and denote by (x:, r:), . . . . (x,“, v,“) the corre- 
sponding periodic orbit for F,. We have to estimate the difference 
We can write 
The action coordinate of (x’, v’) can be estimated by Proposition 2-1 as 
S=O,N + O(Gf”; ‘)12) and by 1-3, the action coordinates of the points of 
the orbit are estimated by 
sj= s + O(N (silk+ “2)) = o,,, + O(Nti$ “2)) 
= O(N-4’5) + O(N-2k15+ ‘). 
Consider first the quantity 1 Cf(xj, y’) - C&(x’, JJ)~. As F is tangent to 
FO to order k at s = 0, we conclude that f is tangent to f0 to order k + 1. 
The difference, f -fO, is analytic in a small neighborhood of s = 0. If a is 
small enough the periodic points are inside that neighborhood, and we 
obtain the estimate 
cf(xj, y’) - cfo(x’, y’) = O(N-2k’5 + 3/5). 
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Consider now the quantity lC&(x’, #) -CfO(x& &)I. The nice fact 
about it is that it depends only on the action coordinates of the periodic 
points. We see right away that fO = cs + K(s), where K’ = Q, and we obtain 
the estimate 
Cfo(xj, y’) - Cfo(x& yi)l = O(N-2k’5+ 12’5). 
4. Determination of the infinite Jet of F at the origin by Its Length 
Spectrum 
Let F be a symplectic mapping defined on a neighborhood of the origin 
which has the origin as elliptic fixed point. 
If we take for F, an integrable mapping (see Section 7) with the same 
Birkhoff canonical form, then F and F, are tangent to infinite order at the 
origin. 
THEOREM 4-1. The period spectrum of F determines the infinite jet of F 
at the origin. 
ProoJ: By 3-1, the asymptotic developments of Lr,N and Ly ,,, are the 
same. Now the asymptotic development of LEN determines the infinite jet 
of FO because we can put the action coordinate of the sequences of periodic 
points in any prescribed cone PO. Hence the same is true of the infinite jet 
of F. 
CAmI 
C&l 
cc21 
Cchl 
CD1 
PeRI 
CJ=l 
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